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Chapter 3

Evacuations of Trees

This chapter extends the freeway results from Chapter 2 to the network level. As
before, the focus is on the development of an evacuation management strategy that can be
implemented using only readily available data and realistic controls. The management of
an evacuation tree — a network comprising only of diverges and whose routes all lead to
the same area of safety — is considered.

3.1 Network Management Difficulties

3.1.1 Sub-Optimality of Priority Control

A freeway is a special case network. It has been shown in Chapter 2 that a freeway
requires priority control. Similarly, control is also needed to manage more general networks.
Unfortunately, the InFO upstream priority scheme alone cannot guarantee system optimum
in more general networks. The point is made here with a simple example shown in Figure 3.1.

In the figure, all residents are distributed in the upstream link. No one lives
downstream of the diverge. It should be obvious that system optimum, defined here as
the minimum evacuation time, is achieved when all routes finish evacuating at the same
time. The proof of optimality can be easily argued: if routes do not finish at once, the
exit capacity of a route that finishes early will be left unused for some time. Certainly, the
evacuation time of the system could be reduced if some of this capacity can be used to help
discharge the final residents.
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Figure 3.1: Insufficiency of Priority Control
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Assume that InFO is implemented for the upstream link, where all residents live.
Since this strategy does nothing to allocate traffic to routes, these upstream residents at
the diverge will have to choose to evacuate through the upper or lower branch. The upper
branch, as it is a more direct path to safety, may be more attractive. People may therefore
be more inclined to take this route, leaving the lower branch under-utilized. Then a system
optimum could not happen.

In summary, the above example shows that an upstream priority scheme is not
always optimal for a network, due to people’s unknown route choice behaviors. A network
strategy, hence, requires a different kind of control. The next section shows that a traffic
assignment strategy would not suffice either if demand is unknown.

3.1.2 Sub-Optimality of Traffic Assignment

Like InFO, a traffic assignment algorithm cannot be optimal if demand cannot
be predicted. This is true because different demand patterns require different strategies.
Figure 3.2 is an example used to demonstrate this point. In this example, the populations
at the links (p1, p2, p3) are unknown information. Known only is the capacity of each link.

If po = p3, a reasonable route split at the diverge is a 50-50 strategy since the
downstream links have equal capacity (¢). This would send a flow of ¢/2 into each down-
stream link and both would finish at the same time. However, imagine that the populations
turn out to be p3 = 0 and p; = po = p. Then the 50-50 route split is not optimal: for op-
timality, residents discharging from the upstream link should all be diverted into the lower
downstream branch. If all of p; is diverted to the lower branch, both downstream branches
would finish evacuating at the same time, at p/c.! Thus, any amount of traffic diverted
into the upper branch would delay the finishing time of the system.

outbound —>

Figure 3.2: Routing without Advance Demand Information

Note that the optimality condition for the above example — that all traffic needs to
be diverted into the lower branch — could only be determined after knowing the populations
at the links. However, since only capacity information is given, the total number of people
that use each link can never be known until after the evacuation is over. The best that
anyone can do is to make predictions. But as demonstrated by past evacuation experiences
(e.g., people evacuating with more cars than necessary), demand is very unpredictable in

1Free flow travel time is assumed negligible.
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an emergency. Even in the best of circumstances, demand predictions are never right.
Therefore, the rest of this chapter presents a strategy at the network level that combines
the upstream priority control with a traffic assignment scheme.

3.2 Evacuation Tree Definitions and Assumptions

3.2.1 Definitions

An evacuation tree is a network made up of (i) a set of outbound links and (ii) a
set of nodes which separate successive links and define diverge locations. In such a network,
no freeway merges are allowed (but ramp-to-freeway merges are); all routes lead to one
general area of safety; and numerous on-ramps lie along each link where traffic enters.
It is assumed here that emergency officials can readily select an evacuation tree from a
general transportation network for management. This is reasonable especially for cases of
mono-centric risk.

An example of an evacuation tree with five routes is displayed in Figure 3.3a.
Since upstream residents are likely to face greater risk than downstream residents in an
evacuation, a risk function that is non-increasing in the downstream direction is assumed
for each route. Thus, every location on the tree is associated with some readily quantifiable
risk value. Note that each wavy line in Figure 3.3a is a risk contour that passes through
locations of the same risk.

The problem is now transformed so that a risk function can be explicitly defined
at the tree level. For a node on a route in the original tree, add a new node to every
other route at a location that has the same risk as this node. Using this procedure, the
original problem from Figure 3.3a now looks like Figure 3.3b. Note from Figure 3.3b how
the transformation has added a node to wherever the contour line crosses a route (if a node
does not already exist). The white dots therefore indicate the new nodes. Observe that
the transformed problem has the same number of routes as the original. Now, all routes
have an equal number of nodes. The transformed network is now known as a “risk-indexed
evacuation tree”.

Definitions that are now given refer to the risk-indexed evacuation tree. Let I =
the number of links on a route, and S = the total number of destination nodes at safety.
The links on each route are now numbered in order in the upstream direction from 1 to I.
Let the i*® risk level of a route contain the i*" link on the route along with its immediate
downstream node. The destination nodes and the routes are now numbered from 1 to S,
such that a route ending at destination node s < S is known as “route s”.

The links will be labeled as follows. A link (7, s) lies within risk level i and on
route s. The link’s immediate downstream node will have the same label. In addition, the
threat node is labeled as (I +1, s), Vs. Since a link or node may be used by multiple routes,
it can have multiple labels. For example, link/node (3,1) = (3,2) = (3, 3) in Figure 3.3b.
Note that some on-ramps are shown on this particular link. Like the freeway analysis of
Chapter 2, this network analysis assumes that outflows upstream of the destination nodes
in an evacuation tree are negligible.

Now group all ramps that lie along the same link. The following link-level aggregate
variables are defined. Let ¢(i,s,t) = the flow leaving link (i, s) at time ¢; r(i,s,t) = the
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Figure 3.3: Transformation from (a) an evacuation tree to (b) a risk-indexed evacuation
tree.

aggregate flow entering link (4, s) from its on-ramps at ¢; and p(i,s,t) = the number of
remaining residents at the on-ramps at link (4, s) at ¢.

Note that in such a network, every node, except for the threat node, has one input
link upstream. However, a node, if not a destination, can have one or more links emerging
from it downstream. The set of all links emerging from node (i, s) is denoted &; 5, Vs and
i € [2,1+1]. Obviously, if node (4, s) is not a diverge, |&; 5| = 1 and link (i — 1, s) would be
the only emerging link.

If ¢(i, ) is the capacity of link (4, s), then let ¢(i, s) be defined as follows:

o cliys), for i =1; and
c(i, s) = min( c(i,s) , Y.ee cle)),  forie[2,1].
Hence, these ¢(i, s) are similar to the d-capacities defined for the freeway in Chapter

2. It will be shown later in this chapter that ¢(i, s) is the maximum feasible flow from link
(i,s). That is, this is the maximum flow that can travel from link (7, s) to safety without

(3.1)
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congesting the network. Now, é(i, s) is called the “t-capacity” for (i,s), where “t” stands
for the “sub-tree of (i,s)”, or the tree that comprises link (i,s) and all downstream links
and nodes reachable by flows passing link (7,s). In practice, ¢(i, s) is found recursively in
the upstream direction starting from the first risk level. The most upstream link(s) in the
sub-tree corresponding to ¢(7, s) is now called the “t-bottleneck” for (3, s).

Note that at a link, the total outflow from its downstream end must be equal to
the total inflow at its upstream end, minus any (entry) flows in between. Assuming that
travel time is negligible, the conservation of flows can be expressed as: ¢(i, s,t) —r(i, s,t) =
q(i+1,s,t)-B(i,s), where B(i,s) = the proportion of flow from link (i + 1, s) that is routed
onto link (i, s), Vi € [1,1 —1]. Note that 0 < 5(i,s) <1, and }_ e f(e) = 1. Hence:

. | r(i,st) + B3, s)-qi+1,s,t) forie[1,I—1];
q(z,s,t)—{ r(i,s,t) , for i = 1.

All links (and on-ramps) and nodes belonging to a risk level i are now classified
into a set £;, called the risk-level set i. (Note that |£;] < S.) At any time ¢: (q);(t) =
> ier, 4(l;t) = the total flow leaving L;; (r)i(t) = >y, 7(1, 1) = the total entry flow from
the on-ramps at £;; and (p);(t) = > ;.. p(l, 1) = the total remaining population at the on-
ramps at L;. The risk-level capacity and t-capacity are, respectively: (c); = ;.. c(l) and
(€)i = > 1er, €(1). In classic network flows literature, the aggregate link(s) at or downstream
of risk level i whose total capacity corresponding to (¢); is called the “minimum cut” for
risk level . 2

Now the union of risk-level sets i... [ is called “bounded risk set i”. Finally, let
Pi(t) = Z§:i<p>j(t) = ZJIZZ Zleﬁj p(l,t) be the total remaining residents in bounded risk
set ¢ at time ¢.

(3.2)

3.2.2 Assumptions

Several assumptions are made here for the analysis of an evacuation tree. First,
free flow travel time is assumed negligible. This is reasonable since the strategy proposed
here allows people to always travel at the free flow speed once in the system, similar to
the freeway strategy. In this case, the system’s exit flows are more likely driven by the
constraining capacity of internal bottleneck(s), rather than people’s travel time.

Second, it is assumed that there are no queues in the system at the start. As
mentioned in Chapter 2, this is justified by a conversation with emergency management of-
ficials in New Orleans in 2008 (Sneed et al., 2008). Section 3.6.1 shows that this assumption
is not restrictive. Even when it is relaxed (so that there are pre-existing queues), similar
performance results hold for the proposed strategy.

Third, it is assumed that people “laterally” switch ramps within the same risk-level
set to minimize their system access time. They do this so well that:

p(i,s,t) =0 & (p)i(t) =0 , Vs. (3.3)

2This can be seen by imagining that the total demand arising from risk level i comes from a source node,
and all destination nodes are connected to an artificial sink node.
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The above condition is reasonable only if a background of surface streets exists
outside of the evacuation tree. The condition expresses people’s desire to evacuate as quickly
as possible by choosing the fastest way to enter the evacuation tree. This can be expected,
especially if people know that management will try to keep the system uncongested (since
this way, once they are in the system, they spend negligible time to reach safety). However,
people would not want to increase the risk they face. So, they do not move into an up-
stream risk-level set.?> Later, Section 3.6.2 will further analyze movements in the upstream
direction, in addition to lateral movements.

The justifications for lateral adaptation give rise to another assumption. Since
people try to evacuate as quickly as possible, whenever there are residents remaining in a
risk-level set, each ramp will be holding a queue. This, along with (3.3), implies that all
ramps within a risk-level set will finish evacuating at the same time. Finally, as there are
many on-ramps on a link (so that the aggregate ramp discharge capacity is very large), the
link’s corresponding t-bottleneck will be readily saturated.

3.3 A Benchmark for the Evacuation

This section presents an upper bound for the number of residents that can be
evacuated from every bounded risk set at a given time. The next section will use this
bound to demonstrate that the proposed strategy is optimal.

First, note that if feasible, a flow ¢(i, s,t) passing link (7, s) must travel from the
upstream link of the sub-tree of (7, s) through the entire sub-tree without causing congestion.
Since, as will be shown, ¢(i, s) is an upper bound to the flow through link (7, s), this implies:
q(i,s,t) < é(i,s). Now if this is repeated for all parallel links within a risk-level set, then an
upper bound for the set i is: (¢);. Note that this is also an upper bound for feasible flows
from bounded risk set i.

An upper bound can now be established for the number of residents that can
evacuate from a bounded risk set. Let N;(t) = the number of residents that can evacuate
from bounded risk set ¢ by time ¢, under a generic strategy. An upper bound can be found
by dividing the set of links into two parts using a “vertical cut” at risk level j (j > i). The
two parts are: an upstream part containing risk-level sets j...I and a downstream part
contains risk-level sets ¢...7 — 1. Let P;S and PZ_] be the total original population in the
upstream and downstream parts of the set, respectively. If ¢ = j, then P[] = 0. An upper

bound for the number of evacuees from bounded risk set ¢ at time ¢, ./\/;U] (1), is:

U . ~ _
NU@) = min( B, (@) 4P, = i) (3.4)
The maximum number of people that can evacuate from each part of the set at

any time is of course bounded from above by its total population. Therefore, PZJS and Pfj
are the upper bounds to the upstream and downstream parts, respectively. The upstream

part’s bound is made tighter by introducing (¢); - t.

3Downstream risk-decreasing movements are not allowed, since otherwise, there would be alternate evacua-
tion routes outside of the original problem.
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3.4 The Tree-based Innermost First Out (T-InFO) Control

This section introduces a strategy for managing traffic in an evacuation tree. The
strategy, called tree-based innermost first out (T-InFO), combines priority control and rout-
ing control.

The strategy is defined as follows. At any time ¢, T-InFO instructs all unfinished
ramps at a link (7, s) to meter traffic according to (3.5) and routes vehicles at the diverge
node (i + 1, s) according to (3.6):

0, lfp(Z,S,t):O,
r(i,s,t) = é(i,s) — B(i,8) - q(i + 1,s,t) , if p(i,s,t) >0and i€ [1,I—1]; (3.5)
é(iy s) if p(i,s,t) >0and i =1 .

é(i, s)
See, )

Therefore, T-InFO uses the same upstream priority scheme as InFO: it instructs
a link to give priority to arriving traffic flows from an upstream link, and instructs that the
maximum flow be sent downstream, limited to the link’s t-capacity.

B(i,s) = if i e [1,1—1]. (3.6)

Lemma 3.1. Under T-InFO, if p(i,s,t) > 0, then q(i, s,t) = &(i, s).
Proof. For p(i,s,t) > 0, substitute (3.5) into (3.2) to obtain the desired result. O

As mentioned, an upstream priority scheme alone is not optimal at the network
level. Therefore, (3.6) presents a routing scheme used to better distribute traffic in the
network. It diverts flows at every diverge in proportion to the t-capacities of the emerging
links. The performance of T-InFO is shown in the next section.

3.5 Optimality of T-InFO

Let NT'(t) = the number of residents that can evacuate from the bounded risk set
7 under T-InFO.

Theorem 3.2. T-InFO mazimizes the number of residents that can evacuate from any
bounded risk set at any time, i.e., N (t) = j\/;U; (t), for allt and a select j.

Proof. Consider a bounded risk set ¢ and a time ¢ when P;(t) > 0. Locate the most
downstream risk-level set internal to the set that still has remaining residents, i.e., find
the minimum j > 4 that satisfies: (p);(t) > 0. By our selection of j, the part of the
set downstream of j is empty, so the number evacuated from this downstream part is
obviously PZ; The number evacuated from the upstream part of the set is now calculated.
Our selection of j implies that (p);(t) > 0. As (p);(t') is a non-increasing function in ¢,
(p);(t) > 0= (p);(t') > 0,¥t € [0,t]. By condition (3.3), (p);(t') > 0= p(j,s,t') >0, and
by Lemma 3.1, p(j,s,t') > 0= q(j,s,t') = ¢(4,s), Vs and ¢’ € [0,¢]. Since Zleﬁ,— q(l,t) =
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(g)j(t) and Zleﬁj ¢(l) = (&), the previous means that (g);(t') = (¢);. Hence, the number
of residents evacuated from the upstream part by time ¢ is (¢); - t. The combined total is:
NE@) = (@); t+ P;;. Note that this equals or exceeds the left-hand-side of the inequality
in (3.4). But an upper bound cannot be exceeded, so N (t) = J\/;U; (t) for the selected j and
whenever P;(t) > 0.

When P;(t) = 0, T-InFO would have evacuated everyone from the set, i.e., N7 (t) =
P;(0) = Pzt + P;;. Again, NE(t) > /\fZU; (t). Therefore, N7 (t) = /\/fg(t) for the selected j
for all times. O

Theorem 3.2 implies that /\/'ZU] (t) is a least upper bound and that no other strategy
can achieve better results than T-InFO.

Corollary 3.3. T-InFO minimizes the evacuation time of every bounded risk set.

Proof (by contradiction). Consider a strategy X that can finish evacuating some bounded
risk set at a time ¢~ , sooner than T-InFO’s finishing time, ¢7. Then this strategy would have
evacuated everyone from the set by t¥ < ¢, when T-InFO had not. That is, X would have
evacuated more people than T-InFO by this time. But this contradicts Theorem 3.2. [

Like InFO for the freeways, T-InFO is optimal in two ways: (i) it maximizes
the number of evacuees from any bounded risk set at all times, and (ii) it minimizes the
evacuation time of every bounded risk set. When the bounded risk set is the complete
system, T-InFO is optimal for the system — the complete evacuation tree. Therefore, by
the definition presented in Section 2.3, T-InFO is a comprehensive strategy at the network
level.

In addition to being optimal, T-InFO has many advantages. Note that to imple-
ment (3.5) and (3.6), two pieces of data are needed: the t-capacities, ¢(i, s), and the arriving
traffic flows, ¢(i+1, s,t). The ¢(7, s) can be pre-determined using the readily known system
capacity function ¢(7,s). The time-dependent values ¢(i 4+ 1, s,t) can be obtained in real-
time from traffic counters/sensors which are widely deployed in cities. Hence, the strategy
does not require any predictive data, and is adaptive to changing conditions on the road.
The above — the need for only the ¢&(7, s) and the g(i+ 1, s,t) — further shows that T-InFO
has minimal data requirement.

Note that the controller at each on-ramp and at every major diverge can operate
T-InFO independently, without coordination. Hence, T-InFO is decentralized. Finally, like
InFO, T-InFO is socially acceptable as it gives priority to upstream, most-at-risk residents.
These benefits presented here make T-InFO a realistic strategy — it stands a good chance
of being implemented in an evacuation.

3.6 Extensions of T-InFO

3.6.1 Time-dependent Capacity

T-InFO is shown here to remain optimal even when the system’s capacity changes.
The result means that the strategy is robust to the occurrence of unexpected events such
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as traffic incidents. Also, this result accommodates the relaxation of the second assumption
in Section 3.2.2.

When incidents arise, the capacities of different sections of the system will change.
Let ¢(i,s) now be modified such that it can vary with time. The time-dependent ca-
pacity function is denoted as ¢(i, s,t). Consequently, the t-capacity function is: (i, s,t) =
min( c(i,s,t), > .ce  C(et)). Of course, for i =1, &(i, s,t) = c(i, s, ). Note that (3.5) and
(3.6) will now be adjusted by replacing c(i, s) with c(i, s,t). Now let (¢)i(t) = > . €(1,t)
be the new risk-level t-capacity for .

Theorem 3.4. With time-dependent capacities, T-InFO continues to maximize the number
of evacuees from every bounded risk set at all times, and minimize the time to evacuate every
set.

Proof. Clearly, the proof of Lemma 3.1 continues to hold if &(i, s) is replaced by é(i, s, t).
Now note that an upper bound for the number of evacuees from bounded risk set j is
C;(t) = fot(é)j(x)dm, instead of (¢); - t. It is now easy to see that all the steps in the
logic leading to (3.4) and in the proof of Theorem 3.2 continue to be true if (¢); - ¢ is
replaced by C'j (t). Thus, Theorem 3.2 holds. Again, if a strategy maximizes the number of
evacuees from a bounded risk set, it too must minimize the evacuation time of the set; i.e.,
Corollary 3.3 holds. O

In practice, very little information about the incident is needed. The information
should contain two things: the incident’s severity and its location. The former can indicate
how many lanes may be closed and help determine the reduction in capacity. The latter can
help identify the parts of the network that are affected by the incident, i.e., parts upstream
of the incident location that are used by routes passing through the location. Once the
location is known, controllers at the “affected parts” of the network will be notified of the
incident’s severity (and thus, the estimated reduction in t-capacity downstream).

Now, when the second assumption of Section 3.2.2 is violated, there may be queues
in the system at the start of the evacuation. But this is just another case of time-dependent
capacity: the link capacity(ies) can be simply set equal to zero wherever there are queues.
If this is done until queues dissipate in the system, then it can be seen from the above that
T-InFO remains optimal.

3.6.2 Driver Adaptation

T-InFO is found here to be robust to a form of driver adaptation that is likely to
happen when the disaster is not imminent; i.e., if people try to minimize their evacuation
time by moving to an upstream, higher priority on-ramp while T-InFO is implemented.
People may do this if they know that they have sufficient time to evacuate. It is shown
below that under T-InFO, with this form of behavior, an equilibrium arises and preserves
the evacuation time of the system.

Definitions. All risk levels that share the same minimum cut are now grouped. These
groups are then numbered and labeled in the upstream direction from 1 to K, where K =
the total number of groups/minimum cuts in the system. The minimum cut shared by the
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risk-level sets in group k is now known as the “t-bottleneck for group k”. Its corresponding
t-capacity is labeled {¢};. Note that {¢}r > {¢}r+1. Note also that under this redefinition
of the problem, each group always has some available t-capacity for use to discharge their
residents.

Now, use Gi to define the set of all risk-level sets that make up group k. Let
= the original, non-adaptive evacuation time of the complete system under T-InFO.
Then define k* as the most downstream group in the system to finish the evacuation at this
time. Furthermore, let {p}r = > ;-5 (p)i(0) be the total original population in group k.
Superscript “A” is now used to denote the result after adaptation.

tT

Upstream adaptation condition. The assumptions are: ramp switching takes no time,
and all switches occur at the start of the evacuation (therefore no ramp is left empty
intermittently). Then after the adaptation, the resulting risk-level populations (p);4 are
said to be a user equilibrium under T-InFO if remaining residents at the end of each queue
cannot reduce their evacuation time by switching to a ramp with equal or higher risk.

If upstream adaptation takes place when T-InFO is implemented, only the ramps
in the most upstream risk-level set of a group will be used for evacuating residents of the
group. (This should be clear: when T-InFO is implemented, a non-empty ramp that is not
in the most upstream position in a group would finish after upstream ramps in the group
due to upstream priority. Therefore, it could not be in equilibrium.) In view of this, each
group is now assumed without loss of generality to have only one risk-level set. Only groups

are mentioned from now on.

Lemma 3.5. If group k* acts as a barrier such that downstream residents do not move into
groups k* ... K in their adaptation, then an equilibrium population distribution for group
k> k* ds: {p}e =17 ({¢}r — {}rt1)- In such an equilibrium, groups k* ... K would finish
evacuating concurrently, at time t1.

Proof. Note that under T-InFO, all unfinished groups would discharge simultaneously. Also,
an unfinished group k would discharge its residents at a rate of {¢}; — {¢}x+1 whenever
group k + 1 is discharging. Therefore, after adaptation, if a group k (k > k*) is the
first to finish evacuating among groups k*... K, then it must have finished at some time
tmin = fp3A/({&}, — {E}k+1) under T-InFO. This is true since group k + 1, which has
been discharging since ¢t = 0, has not finished at ™. When the equilibrium condition is
substituted into the numerator of t™", the result is: ™" = ¢7'. ]

Lemma 3.6. When the equilibrium of Lemma 3.5 is met, the equilibrium population in the
bounded risk set comprising groups k... K, Vk > k*, is no less than the original population
in the set, i.e.: Zjl-(zk{p}A > Zf:k{p}j.

Proof (by contradiction). Recall that a group k& > k* in Lemma 3.5 would finish evacuating
at time tT. Also, note that T-InFO would instruct ramps to send a total flow of {¢}y
from the bounded risk set comprising & ... K whenever group & has not finished evacuating.
Therefore, Vk > k*, ZJKZ k{p};4 = {&}}, - tT, where the right-hand-side is an upper bound
for the number that can evacuate from the bounded risk set in time t*. Now, if the lemma
is false, there would be a k > k* such that Ef:k{p}] > Z]K:k{P}f But this would mean
that the upper bound is violated, which is impossible. ]
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Lemma 3.6 guarantees that the equilibrium of Lemma 3.5 can be achieved. The
final theorem extends these results to the complete system.

Theorem 3.7. Under T-InFO, there exists a user equilibrium with Zﬁik{p}‘-4 > Zf:k{p}j,
Vk, that does not change the evacuation time of the complete system.

Proof. If k* = 1 the result is obvious. Otherwise, divide the problem into an upstream part
that comprises groups k*... K, and a downstream part comprising groups 1...k" — 1. If
the equilibrium in Lemma 3.5 exists, people downstream do not backtrack past k*. Also,
the upstream part finishes evacuating in time t”, after the finishing time of any group in
the downstream part. During the discharge of the upstream part, T-InFO keeps the t-
bottleneck for group k* saturated. Therefore, all t-capacities in the downstream part are
effectively reduced by {¢}i«. However, note that the populations in the downstream part
are conserved.

Now, let the downstream part become a reduced version of the original problem
(variables of the reduced problem will be denoted with a prime), with the t-capacity for
group k, Vk < k*, being transformed as follows: {¢}pr = {¢}r — {¢}x+. Note that this
reduced problem is of the same type as the one in Lemmas 3.5 and 3.6. Therefore, the
same conc/lusions can be/ drawn: groups k... k* - 1 will finish eyacuating in time ¢’ < 7.
Also, 3217, {p}d > S {p};, implying that Y-¥— Hp}d > 0 Hp},, vk € (K7, k* — 1.
Combined with Lemma 3.6, the result is Z;(:k{p};‘ > Z;ik{p}j, Vk > K™*. Again, if
k™* =1, the complete problem is solved. Otherwise, repeat these steps until the last group
to discharge is group 1. O

Hence, people’s risk-increasing movements do not at all affect the performance of
T-InFO. This result of robustness implies that T-InFO remains the strategy of choice even
when people are believed likely to be moving around outside of the tree.

3.6.3 Strategy Insights

Results similar to those in Section 2.8 are presented here. In particular, it is shown
that some relaxed versions of T-InFO also optimize the evacuation process in a tree.

Let risk-level sets sharing the same t-bottleneck be grouped and numbered from 1
to K, as in the previous section. So {¢} is the t-capacity for group k¥ < K. Under T-InFO,
a group is always discharging a flow equal to t-capacity as long as it has remaining residents.
So, if group k + 1 has residents, it discharges at {¢};41, and the residual t-capacity for the
group immediately downstream (i.e., group k) is {¢}r —{¢}x+1. Let {r}r(¢t) = the aggregate
ramp discharge flow into the links in group k at time ¢; {g}x(t) = the flow leaving group
k (and therefore passing the t-bottleneck for group k) at ¢; and {p}x(t) = the aggregate
number of remaining residents within group k at ¢. Then a relaxed version of (3.5) is:

0, if {ptx(t) =0;
{rie(®) = § etk —{a}rs1(t) . i {p}e(t) > 0and k € [L, K —1]; (3.7)
{¢}k , if {p}r(t) >0and k=K .
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Since {¢}r > {€}k+1, Vk, any amount of flow released from group k (i.e., {q}x(t))
will not cause congestion downstream, since groups 1...k — 1 will always be instructed to
release only the residual t-capacity. Note that the above formula shows that order does not
matter among risk-level sets within the same group. Therefore, as long as the corresponding
t-bottleneck is saturated whenever there are remaining residents in the group, the strategy
remains optimal. (This can be shown as follows. If p(i, s, t), q(4, s, t), and é(i, s) are replaced
by {p}r(t), {¢}x(t), and {¢}, respectively, then Lemma 3.1 would continue to be true. Also,
if the risk-level sets considered in the proof of Theorem 3.2 are replaced by groups, then
the theorem can be shown to be true. Consequently, Corollary 3.3. is true.)

Therefore, risk-level sets in the same group can be re-ordered in any manner. As
long as their combined discharge saturates the corresponding t-bottleneck, T-InFO can be
implemented to optimize the evacuation. This knowledge allows emergency officials some
flexibility in their management approach. They can prioritize on-ramps which may be
downstream of other unfinished ramps in the same group, perhaps to serve special vehicles.
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Chapter 4

Concluding Remarks

Traffic needs to be managed in an evacuation. If this is not done for a freeway,
an internal bottleneck can easily reduce outflows from the system to well below evacuation
capacity. In a network, besides being constrained by internal bottlenecks, traffic can self-
distribute unevenly. As a result, some routes can get heavily congested, while others are
under-utilized.

The strategies proposed in this dissertation can help streamline evacuation traffic
to avoid these kinds of problems. For a freeway, it turns out that the InFO upstream priority
scheme can completely eliminate any reduction in evacuation capacity even when internal
bottlenecks arise. The scheme can be implemented using input control such as metering
lights at the on-ramps. Of course, in an emergency evacuation in which driver compliance
cannot be guaranteed, it is recommended that traffic cops be staged at the on-ramps to
implement InFO.

For more general networks shaped like a tree, the T-InFO input-and-routing con-
trol strategy helps resolve both, the internal bottleneck problem and the uneven traffic
distribution problem. The solution takes advantage of an adaptive behavior commonly ex-
hibited by drivers in reality: an attempt to minimize evacuation time by using the on-ramp
with the shortest queue. For implementation, the recommendation is again the staging of
traffic personnel at the on-ramps and at major diverges.

Other benefits help make InFO and T-InFO realistic for emergency management.
They can be summarized briefly. InFO and T-InFO are comprehensive strategies for evac-
uation management, always maximizing evacuation flows and minimizing evacuation time.
The strategies are also adaptive to real-time traffic including driver route-changing behav-
iors, and robust to capacity changes caused by incidents and initial queues in the system.
Finally, both strategies bypass the need for central coordination during operation: indepen-
dent instructions can be sent to a controller at an on-ramp or major diverge to implement
InFO or T-InFO. Also, InFO and T-InFO are socially acceptable because they always allow
most-at-risk residents to evacuate first. Therefore they can be beneficial even when there is
no internal d-bottleneck or t-bottleneck. These benefits mean that the strategies are useful
for evacuation management.

Therefore, the results here help fill a void in current evacuation literature, which
has so far only proposed strategies requiring demand predictions or unrealistic controls.
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Furthermore, the results present building blocks for future research: the management of
more general networks, ones with multi-centric risks, include merges, and/or lead to multiple
safety destinations. The insights learned about traffic priority and distribution will no doubt
be of significance.
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Appendix A

Homogeneous Freeway Analysis:
Transients

A.1 Initial Transient

Figure A.1 shows a detailed time-space diagram of the downstream end of the
homogeneous freeway at the beginning of the evacuation. The case ¢/d = 3 is depicted.
Traffic states indicated on this figure correspond to those labeled on the fundamental dia-
gram presented in Figure 2.2. The front of the queue is shown by a thick line. The initial
transient, tg, is described in the next paragraph.

Since d < ¢, all ramps initially discharge evacuees at rate d onto the empty freeway.
An observer stationed at ramp ¢ would only see discharging flows (from ramp ¢) and no
passing flows for the first {/u time units. Then evacuees from ramp i + 1 arrive and pass
the observer at rate d (meanwhile ramp 7 continues to discharge at d). This persists until
t = 2l/u when evacuees from ramp i+ 2 also arrive; hence, a total flow of 2d now passes the
observer as ramp i continues to discharge at d. Since the total flow now (sent downstream
into link 4) is 3d = ¢, the freeway is saturated. The arrival of traffic from ramp i + 3
at t = 3l/u sets off congestion on the freeway; the first shock wave propagates upstream
from ramp ¢. From then on, drivers from the ramps and the freeway would take turns
merging into the downstream freeway. So, typ = 3 -[/u in this example. In the general case,
to ~ (¢/d)(l/u).

The figure also shows briefly what happens beyond the initial transient. At t = ¢,
the front of the queue emerges at ramp 1, and the freeway begins to discharge at capacity
for the next 7™ time units. The front of the queue remains at ramp 1 for ¢; time units
until the ramp finishes discharging. When ramp 1 empties, a shock wave is generated and
travels backward to ramp 2 which now becomes the front of the queue. Ramp 2 then spends
to time units discharging as the front of the queue. When ramp 2 empties, another shock
propagates upstream to ramp 3, and so on. This persists until the final transient of the
evacuation.
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Figure A.1: Downstream Freeway at Initial Transient, ¢/d = 3 and o < 1

A.2 Final Transient

The upstream end of the freeway during the final moments of the evacuation is
depicted in Figure A.2. The thick solid line once again shows the front of the queue, while
the thick dotted line shows the back of the queue. In this example, the back of the queue
begins receding forward at ¢t = tp, and meets the front of the queue at t = t);.

Note that ramp I always emits more flow than I —1 if & < 1/2. This is true because
there is no traffic upstream of ramp I competing for capacity on link I. Hence, for t < tpg,., if
ramp I discharges at rate g7, then ramp I — 1 would discharge at g;—1 = « q1/(1 —a) < qr.
For t > tp,, qr = d and q;—1 = a(l — a)c < ¢ (since it is assumed that ac < d, so
a(l — a)e < d) in this example. Thus, I empties before I — 1, and the back of the queue
moves forward, slowly, if & < 1/2.

As discussed, the final transient, ¢, marks the return of the under-capacity state
U, and consists of a few (< ¢/d) unfinished ramps discharging simultaneously at rate d.
Thus, it cannot last longer than p/d. As shown in Figure A.2, the last ramp to finish is
I* =1 —1, not I, since the back of the queue recedes forward. However, I offers a good
approximation as I — oo since the number of ramps that are unfinished at ¢t = tp, is
negligible relative to I. Therefore, ramps can be assumed to generally finish in order, from
downstream to upstream.
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Appendix B

Decomposition of a Tree

This appendix analyzes another special case evacuation tree: when people have
preferred evacuation routes and would not accept management’s routing instructions. In
this case, traffic splits at all the diverges are fixed. The results here show that the tree can
be solved as a collection of freeway problems, and the InFO strategy thus apply.

Definitions for a generic evacuation tree like the one shown in Figure B.1a are now
defined. Let the safety destination nodes/routes be numbered and labeled from 1 to S and
indexed with the variable s, such that a route s leads to safety node s. The links on a route
s are numbered in the upstream direction from 1 to I;. Then, link (4, s) denotes the i*® link
on route s (so ¢ < I5). Nodes have the same labels as their immediate upstream links, and
the threat node has the label (I5 + 1, s), Vs. Furthermore, 3(i, s) is the proportion of flow
that enters link (7, s) from node (i + 1, s). Finally, let ¢(i, s) be the flow leaving link (i, s)
(and therefore entering node (7, s)) at any time.

Theorem B.1. The proportion of flow on link (i,s) destined for safety node s is H;;ll
B(j4,s). The proportion of that link flow that is destined for the other safety node(s) is

1- T2 B3 5).

Proof (by induction). The result is obviously true for ¢ = 1 since link (1, s) is at the exit.
Assuming that the result for s =i — 1 is true, i.e., H;;zl B(j, s) of the flow on link (i — 1, s)
is destined for safety node s. Now, note that 5(i — 1, s) of the flow from node (i, s) enters
link (i — 1, s). Therefore, 5(i — 1, s) - H;;21 B(j,s) = H;;ll B(j, s) of the flow from link (i, s)
is destined for s. Hence, the result is true for 7 = 1. Finally, note that 1 — H;;ll B(j,s)
is the remaining proportion of flow from link (4,s). It must be routed to the other safety
nodes due to flow conservation. O

From now on, Hz;ﬁ B(j,s) is called the “cumulative route split” from link (7, s) to
s. Thus, if a link (4, s) is used by n routes, there would be n cumulative route splits from the
link. This implies that exclusive traffic flows exist on each link, i.e.: the cumulative route
split H;;ll B(j,s) applied to the link flow g(i,s) results in a flow that exclusively serves
traffic destined for s.

Now, for a link that is used by n routes (and therefore has n exclusive flows),
“horizontally slice” it into n sub-links, such that each sub-link has the capacity to serve one
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(b)

Figure B.1: Decomposition from (a) An Evacuation Tree to (b) Virtual Freeways

of the n exclusive traffic flows. Along a route, the (exclusive) sub-links that serve traffic
aiming for the same safety node are then connected. Using this procedure, the original
evacuation tree with n routes can be imagined to decompose into a collection of n “virtual
freeways”. This idealization is shown in Figure B.1b.

The above discussion implies that the original network can be solved as a collection
of freeway problems. Therefore, InFO is optimal. In practice, traffic controllers would
simply implement InFO at the ramps along a link. In this case, however, the flow to release
from each on-ramp should be limited to the aggregate d-capacity. This aggregate is found for
each link by summing the link’s various d-capacities corresponding to the different routes.





